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The plane problem of the limit equilibrium of a crack — delamination at the interface of different materials is considered. It is
assumed that constant normal and shear stresses of cohesion act between the crack surfaces in the end regions when uniformly
distributed normal stresses are applied at infinity. The general case when the dimensions of the end regions are not small compared
with the characteristic size of the crack is investigated. Analytic expressions are obtained for the components of the vector of
the crack opening, the stress distribution a head of the crack, the stress intensity factors and, also, the relations between the
external load, the length of the crack and the end region parameters in the limit equilibrium state. The case when the end regions
are small compared with the length of the crack is considered separately. © 2004 Elsevier Ltd. All rights reserved.

Estimation of the resistance of adhesive joint to the growth of an interface crack implies some type of
modelling of the deformation process and preparations for rupture in the end regions of crack
delaminations taking into account, the mechanical properties and geometrical characteristics of the
intermediate adhesive layer.

The model of a crack {1, 2] at the interface of two media with bonds acting between their surfaces
in the end regions of the crack can be considered for this purpose. The case of linearly deformable
bonds has been considered in detail in [3]. It is assumed in the development of the models of Barenblatt
[4-6] for cracks in homogeneous bodies and of Salganik [7] for interface cracks that the end regions,
which are occupied by the bonds, are not necessarily small compared with the size of the crack. The
problem of crack delamination under the action of a normal external load and of the normal and shear
stresses in the bonds which are impeding the opening of the crack reduces to a system of singular integro-
differential equations with kernels of the Cauchy type which is solved numerically.

At the same time, it is of interest to construct a model which, on the one hand, enables one to take
account of the processes in the end regions of the crack at the boundary of the two media and, on the
other hand, the analytic solution of the problem of the limit equilibrium of a crack. Such a model is
proposed in this paper and is, in essence, an extension of the Leonov-Panasyuk-Dugdale model [8, 9]
for cracks in homogeneous media. It is assumed that, under the action of uniformly distributed normal
stresses at infinity, the interaction between the surfaces in the end regions of the crack is characterized
by constant normal and shear cohesive stresses. In particular, this assumption enables one to model
the plastic flow in the intermediate adhesive layer in the end regions of the crack.

We note that, whereas in homogeneous bodies, the hypothesis of a thin plastic zone at the crack tip
provides a good description of crack growth processes in thin plates, the plastic zones, in the case of a
piecewise-homogeneous body when the thickness of the adhesive layer is small compared with the length
of the crack, can be localized within the limits of it and not only under the conditions for a plane stressed
state. This certainly holds if the adhesive layer is more plastic than the materials which are joined
by it.

We also note that, although the solving boundary-value problem of elasticity, to which the search for
the opening of an interface crack reduces within the framework of the proposed model, has, in the
simplest version of half-planes as well as in the case of crack — delamination without plastic zones,
oscillatory singularities close to the crack tips, this does not prevent one from obtaining interesting
relations between the end-region parameters, the length of the crack and the external load at its limit
equilibrium. This last point is associated with the fact that the boundary-value problem being considered
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is in essence outer with respect to the initial problem of a crack when there is an adhesive layer, the
existence of which in the inner problem excludes the non-physical need for the overlapping of the crack
surfaces in the case of an oscillatory singularity in the solution close to the crack tip.

The possibilities of modifying the formulation of the problem of an interface crack which enable one
to remove the oscillatory singularity by introducing contact zones with frictionless stipping [10-13] or
with a limit friction [14] have been specially investigated in a number of papers [10-14].

1. FORMULATION OF THE PROBLEM.

Basic equations. Consider the plane problem of a crack of length 2/, located at the interface of two
unbounded, elastic half-planes made of different materials |x| </, y = 0. Suppose a medium with the
parameters U = Wy, k = k; occupies the upper half-plane (y > 0), and a medium with the parameters
W = WUy, k = k, fills the lower half-plane (y < 0), where k; , = 3 — 4v;_, for plane stress and k; , =
(3 = vy, 2)/(1 + vy, ) for a plane stress, and W; = p, and vy = v, are the shear moduli and Poisson’s
ratios of the materials. We will assume that uniformly distributed normal stresses 6, are imposed on
the far boundary (x* + y* — eo), while constant normal and shear adhesive stresses between the edges
of the crack surfaces o= and t+ (Fig. 1) act in the end regions of length d adjacent to the crack tips
(I-d < |x| £,y = 0). These adhesive stresses correspond to the plastic flow of the adhesive in a thin
intermediate layer and satisfy a certain plasticity criterion:

f(0,1) =0

where f is a monotonically increasing function of the absolute values of 6. and 7+ which depends on
the adhesive properties. We note that the condition that the stresses are bounded at the crack tip at
x = %/ (see below) gives a second relation for determining the values of 6, and 7.

Using the linearity of the problem, the state being considered can be represented by a superposition
of the following two states: 1) the adhesive joint of the materials without a crack under the action of
a constant tensile stress G at infinity, and 2) adhesive joint of the materials with a crack at the interface
in which case the tensile stress o is removed at the crack surfaces.

We introduce the dimensionless quantities

x =x/l, d =dll

Omitting the primes and taking account of what has been said above, we shall consider the problem
of a crack of unit half-length with the following boundary conditions on its surfaces
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Ty, 1-d<x<1
. Oy(x) =40, [x<1-d (1.1)
Ty, —1<|XS-(1-4d)

~0y,+0y, 1-d<|x<1

O,y (x) = {

-Gy, xl<1-d

We consider the dimensionless (with respect to the /) vector of the crack opening
(i, (x), u,(x)) = w(up(x), uy(x)) - W (u(x), u,(x)) (1.2)

where u* (1l (x), u;(x)) and u(uy(x), uy(x)) are vectors of the dimensionless displacements of the upper
and lower crack surfaces. We obtain the derivatives with respect to the x of the components of the vector
of the crack opening, when there are arbitrary normal 6,(x) and shear o,(x) stress on the surfaces of
a crack of length 2 located at the interface of the materials, following an approach which has been
described previously in [3]:

) (x) - iu(x) = 1(1—175{(1 — 0)(0, (%) +iG,,(x))

—ifisignx ! -1
1+0 (1—|x|) Bsig J(cyy(a) oxy@))d&} 13)

YN EF E-00@®
where
Woky + 1y l3=lna =k1+1 ky+1

=-1, o= , +
l ik + U, n Y g K2

o(x) = 1 (u)_iﬁ

A/1_7le+x

Substituting expressions (1.1) into equality (1.3), we obtain

u'y(x) - iu;(x)

- Y%i‘_)[%’%oo + (04— 1101 (¥) = (O + 11,)03(3)| (1.4)

where
R(x,2/d-1,B)~(2if-x)/chrP, 1-d<x<l

O)(x) = 1
R(—x, 2—/“1—_—1-,—~B), O<x<1-d

0x(») = R{x 577—.B)

. (1.5)
2x;/2—zﬁ { 1

R(x, x5, B) =

(0 -2F) '[1—2i[3+(—x1+2iB)F(1, 1,3/2-iB, X )J_

2
1+x, 1+x,

. I
_a —xl)F(l, 1/2-iB, 312~ if, T~ xlxz)}
The hypergeometric function of the complex variable z which, in the circle |z| < 1, is represented by
the series

oo

b
Flab o = Y O
k=0

el O = MA+ (k=) M) = 1

czx0, -1,-2,-3,...
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and, in.the domain which does not belong to the circle of convergence, is determined by an analytic
extension of this series, is denoted by F(a, b, ¢, z). The function F(a, b, ¢, z) is regular in the complex

plane with a cut (1, ).
From the condition that the vector of the crack opening is equal to zero whenx = 1

u l) =0, u, (l)=0 (1.6)
and, using the formula

u, () = iy (x) = [(u(8) = iuy (€))dE
1

we find, for 1 —d <x < 1, the components of the vector of the crack opening
uy(x) - i (x) = Zcﬁrs“ = X)Q()[O — (G = iT4)Py(X) = (G + iT4 ) Py(x)] (1.7)
where
Pi(x) = 1-S(x,2/d~1,B), P,(x) = S(x, ml-i’ B)

2chupal? P

-2 +x)

1~
><|:F(1, 1,3/2 - ip, 1—%—)—1?(1,1,3/2—1']3 = x)x, )J
2

(- x)xy - (1 +xy)

S(x17 x2’ B) = (18)

In the case of values 0 < x < 1 —d, the components of the vector of the crack opening are determined
taking account of the continuity of this opening vector when x = 1 — d using the formula

X
uy(x) =iy (x) = [ (@ (8) — iu(E))dE + u, (1~ d) - iu (1 -d) (1.9)
1-d
The derivatives with respect to the x of the components of the vector of the crack opening in the integrand

are chosen in accordance with expression (1.4) and the components of the opening vector at the edge
of the end region x = 1 —d are determined using formula (1.7). We have

) o B 1/2+ip v2-ip_%
(1 - d) - iu(1 d)—v{(l 2y Al S B

- Tlt[(l —d/2)dI2F(1,1,3/2 + i, d/z)cl*;zl;[; +(1-dr2)' **Paray! 2P« (1.10)

X(F(l, 1,3/2 - i, d/2)—F(1, 1,3/2 - i, ———1 i ))G*+t:t*]}
ld-1)*-1// 1-2ip

and, for 0 <x <1 -d, we find

() = () = kg (1-5he(n) x
(1.11)
x [GO — (04— i'c*)S(—x, i/_dl'—_l_’ —B) —(Oy + i'c*)S(x, 2—/21_—1, B)]

The function S(x(, x5, B) is defined by formula (1.8).
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The components of the displacement vector of the upper and lower crack surface and the crack
opening vector are connected by the following relations [15]

u,(x) _ u(x)  pylka+1)

i) uix  Paki+o) (1.12)

Then, using the opening vector u(u,(x), u,(x)), we find the displacement vector of the upper and lower
crack surface u™ (u} (x), u;(x)) and u™(uy(x), u,(x)) using the formulae

u'=cu, u=cu (1.13)

where

R [1 +u1(kza+ 1)]*1 = _[1 N Kok, + o) T

Wy (ky +00) ny(ko0+ 1)

The stress distribution ahead of the crack (x > 1) in the case of an arbitrary distribution of the normal
stresses ©,,(x) and shear stresses 6,,(x) on the surfaces of a crack of length 2 has the form [15]

0, (x) +ic, (x) = dg (1.14)

1
chip. . . 1(0(E) +io, (5)
w V) { E-D9(E)

where

1 x—1)*®
veo = =—(57)
x -1

Substituting expression (1.1) into equality (1.14), we obtain

G, (x) +i0,,(x) = iog[- 1+ (x-2if)y(x)]-

. ichan(x)[(c* _it, )R(—x, 2711?? -B) (g + ir*)R(x, éleTT’ B)] (1.15)

The function R(xy, x,, B) is defined by formula (1.5).
For a crack of length 2/, located at the interface of two materials, the expression for the stress intensity
factors (SIFs)

Ki+iky = 17" Gim /2ns(0,,(s) +i0,,(s))s ™ =
s=x-1-4+0
1 ,
—chnP [2,12-ip ¢(1+E\/2+iB .
= 21/2+i% e J(——l_g‘) (0,,(8) +i0,,(£))dE (1.16)
-1

holds in the case of an arbitrary distribution of the normal and shear stresses.
Substituting expressions (1.1) into (1.16), we obtain the total SIFs from the action of the external
tensile stresses and the internal adhesive stresses in the end regions of the crack

. 1+2iP 12-ip  chmP 12-ip . 3/2-iP
K +iKy = —=B fng, 2P S8, [(c _it)—t=zB
Y ° 2% /x Y984+ B

xd?* P ay* PF1,2,5/2+iB, d12) + (L.17)

+(Cy + m*)l—J'-z-;—%d”z “P@-ay? P, 2,32- 1B, d12)
1+4



158 V. E Bakirov and R. V. Gol’dshtein

6/u,
0.3 ,;— ~

N
o e o / A\

1.5
.‘ 0 025 050 075 4 1.00
25T

5.0 \ v
S == \
0 025 0.50 0.75 4 1.00

25—N\g

*ﬁ —— B 0 -—_—- B=_005

0 025 050 075 d 100 P=-0175 —-— B=-01
Fig. 2

2. ANALYSIS OF THE LIMIT EQUILIBRIUM STATE

We will now consider the limit equilibrium state of crack — delamination at the interface of the different
materials, which is characterized by the action of the adhesive forces in the end region of the crack and
for which there is no energy flux through the points x = +1 accompanying the crack growth. The case
when the total SIFs are equal to zero corresponds to this state. Equating expression (1.17) to zero, we
obtain a relation which connects the external load, the adhesive stresses and the size of the end region
of the crack in the limit equilibrium state. The limit equilibrium state is described by the following
formulae

Ox _ T - LE L _
S Acos(Bln(2/d 1)), o Asm(l.’)ln(Z/a' 1))

0

@.1)

A = 2chnp(d(2 - d))*Re [ F(1,1,3/2+i[3,d/2)J

1
1+2ip
whence it also follows that

I - _tg(BIn(2/d - 1))
*

The values of the limit load 6, and the adhesive stresses G, T can be determined for specified values
of B and d from relations (2.21) and the criterion of the plastic flow of the material the thin intermediate
adhesive layer. If, in accordance with expression (2.1), 6+, T« is substituted into the plastic flow criterion
f(os, T+) = 0, it is possible to construct the function d from 6y/647 (the value of 6.4, which is determined
from the plastic flow criterion f(o«7, 0) = 0, is the yield point of the adhesive) and to compare it with
the experimental curve, which can be constructed using measurements of the size of the plastic zone
d and the limit load o, as was done in [9] in the case of cracks in homogeneous materials.

Graphs of the ratios of the normal adhesive stress 6. and the shear adhesive stress T« to the load o,
against the dimensionless length of the end region d for various values of the parameter B, constructed
using formulae (2.1), are shown in Fig. 2. (Note that, since the parameter o lies within the limits
1/3 < o. < 3, the parameter [ lies within the limits —0.175 < < 0.175.) In particular, in the case of a
fixed ratio d, the graphs demonstrate a redistribution of the normal adhesive stress ¢ and the shear
adhesive stress T« depending on the change in the value of the parameter §.

Substituting the normal adhesive stress 6« and the shear adhesive stress T« according to formula (2.1)
into equality (1.7), we obtain the components of the vector the crack opening in the end region
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1-d<x< 1. Next, from the condition u,(x) > 0, we determine that the crack opening is positive in the
interval |x| < 1 - ¢, where the parameter ¢ depends on B and d. In the intervals 1 - € < |x| < 1, the
crack opening has an oscillatory singularity and takes negative values an unlimited number of times.
It is therefore necessary, for the model being considered to be applicables that the size of the end region
should be significantly greater than the domain in which the solution oscillates, that is

d> (B, d) 2.2)

In the case of real adhesive joints with cracks at the interface, this condition is well satisfied. Consider,
for example, a combination of steel and plexiglass (Young’s modulus and Poisson’s ratio for steel are
E; = 210 GPa and v; = 0.3, and for plexiglass are £, = 3GPa and v, = 0.4) with an epoxy adhesive
layer of thickness # ~ 0.1 mm [16]. Then, forl ~ 1 cm and d ~ A/, we have: d ~ 1072 and, in the case
of plan_% strain (B = —0.05), we obtain £ ~ 1072 and, in the case of a plane stress (B ~ —0.1), we obtain
e~ 10

The fact that the total SIFs are equal to zero (1.17) leads to the boundedness of the stresses close
to the crack tip. Taking account of relation (2.1), we obtain the stress distribution ahead of the crack
x>1

2¢chnf

. . " i
O,,(x) +io,(x) = —icy+ zGOZ(Z/d— 1) B{l —m

=L ) Te(1 12 g, =1
X(m( - )) [( ~zﬁ,3/2-lﬂ,_m(2/d—1))—

1 =1 1
e F
2/d-1 (1’1/2 .32 -1, x+12/d—1ﬂ} @3)

The condition of limit stretching & in the edge of the end region, where & is a constant which
characterizes the material of the adhesive layer, is one of the conditions used to estimate the size of
the end region d. We shall use the dimensionless quantity 8 = &/, henceforth omitting the prime. We
then have

[u (1 -d)—iu(1-d)| = & (2.4)

Substituting the expressions for the normal adhesive stress ¢ and the shear adhesive stress T (2.1)
into formulae (1.10) and then using condition (2.4), we obtain a relation which connects the limit
stretching, the load, the length of the crack and the size of the end region in the limit equilibrium state.
Graphs of the limit stretching, normalized to the opening at the centre of the crack

U {
%o = 4ch1t[36°

for the case of a zero end region against the parameter d for the minimum and maximum values (in
absolute magnitude) of the parameter B are shown in Fig. 2.

When the materials are the same (1 = [y = W, ky = ky = k, B = 0), expressions (2.1), (2.3) and (2.4)
become relations which are analogous to the relations of the Leonov-Panasyuk-Dugdale model for
cracks in homogencous media

Oy _ T

o, Zacos(i=ay * =0

S (1-d)2-1

O = =00t s (=) ™8 SR

6,,(x) = 0
1-x

—(1-d)In(1-d)k+1
arccos(l-d) 2p

0 =0

In these relations, the value of 64, which is determined from the plasticity criterion f(cx«, 0) = 0, has
the meaning of the yield point of the adhesive.
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3. THE CASE OF A SMALL PARAMETER d

We will now take the limit in the relations which have been obtained above when the size of the end
region is small compared with the length of the crack. From expression (1. 17) we have the leading term
of the asymptotic expansion whend — 0

. 1+ 2iB 12-ip _ ,32+ip1 +2iB chrf j12-ip 12-ip .
Ki+iky = —2 L nogl - P -2 ——=d TP T (o +ity) 3.1
1 II B 0 1+4B 2,5[ £ 3 * ( )
Equating this expression to zero, we obtain the relation
, (1 + 4[32) iB
Oy +iTy = ————=(d/2)"0C 3.2
¥R T ) fachnBd 0 (3-2)

which connects the external load, the adhesive stresses, and the length and the size of the end region
of the crack in the limit equilibrium state.

The components of the vector for the crack opening at the edge of the end regionx = 1 - d are
determined by formula (1.10). The leading term of the asymptotic expansion when d — 0 is equal to

. __rJanry™® d .
uy(1~d)~iu,(1-d) = Y[ chnp 00 Zm(1+2ip) O* ”*)} (3.3)
Using relation (3.2), we obtain
. d1+2ip
u(1-dy—in(l-dy = 12 (04— iT4) 3.4
y 2“1 4B * * ( )

In the case of the limit stretching condition (2.4) we obtain

2
g = 2ml+4p7, (3.5)
Yo+ 1y

for the size of the end region.

We will now determine the critical magnitude of the rate of absorption of energy at crack tip, which
is required for the crack to grow. For the elastic energy release rate accompanying the crack advance,
we have the expression [15]

2
YK,

G = >
16ch"np

(3.6)

where K; = \/ (Ki0)* + (Kigo)* is the modulus of the SIF due to the action of the external load o;. The
equality
G = G,

holds in the limit equilibrium state. At the same time, the critical value of the rate of energy absorption
at the crack tip is given by the formula

2

G. = 1
* 2
16ch

where K. = \f (Ky=)* + (Kig«)? is the modulus of the SIF due to the adhesive stresses acting in the end
region of the crack in the limit equilibrium state.
From relation (3.1), we find
Ko = n(1+4pHoll, K- = —Sd‘—“f’—(o* +15)dl
(1l + 4B )
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We then obtain

Y 2 2
Gy = —— (0, + Ty )dl 3.7
*Toma+apy T " S

In the case of the limit stretching condition, the relation

2 2
Ox +Tagy

2. 2
Oy + Ty Ol 3.8
1+4B2 * * ( )

G*=

follows from expressions (3.5) and (3.7), which associates the magnitude of the rate of energy absorption
(the adhesion fracture energy) with the stresses acting in the end regions and with the limit stretching.
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(NSh-1849.2003).

REFERENCES

1. GOL'DSHTEIN, R. V. and PEREL’MUTER, M. N., Crack with bonds in the end zone at the interface of materials and
the adhesion fracture energy. In Proceedings of the 9th Conference on Strength and Plasticity, Vol. 2, Moscow, 1996, 78-85.
2. GOL'DSHTEIN, R. V. and PEREL’MUTER, M., An interface crack with bonding in its end regions and the adhesion fracture
energy. Mechanisms and Mechanics of Damage and Failure. Proc. 11th Biennial Europ. Conf. on Fracture (Edited by J. Petit).
Engineering Materials Advisory Services, Warley, Vol. 1. 1996, 263-268.
3. GOL’DSHTEIN, R. V. and PEREL’'MUTER, M., Modeling of bonding at an interface crack. Intn. J. Fracture, 1999, 99, 1-2,
53-79.
4. BARENBLATT, G. I, Equilibrium cracks formed during brittle fracture. General concepts and hypotheses. Axisymmetric
problems, Prikl. Mat. Mekh., 1959, 23, 3, 432-444.
5. BARENBLATT, G. L, Equilibrium cracks formed during brittle fracture. Rectilinear cracks in flat plates. Prikl. Mat. Mekh.,
1959, 23, 4, 706-721.
6. BARENBLATT, G. I, Equilibrium cracks formed during brittle fracture. The stability of isolated cracks. The relation to
energy theories. Prikl. Mat. Mekh., 1959, 23, 5, 893-900.
7. SALGANIK, R. L., The brittle fracture of glued bodies. Prikl. Mat. Mekh., 1963, 27, 5, 957-962.
8. LEONOV, M. Ya. and PANASYUK, V. V, The development of very shallow cracks in a solid. Prikl. Mekh., 1959, 5, 4, 391-401.
9. DUGDALE, D. S., Yielding of steel sheets containing slits, J. Mech. Phys. Solids., 1960, 8, 2, 100-104.
10. COMNINOU, M., The interface crack. Trans. ASME. Ser. E. J. Appl. Mech., 1977, 44, 4, 631-636.
11. COMNINQU, M., Interface crack with friction in the contact zone. Trans. ASME. Ser. E. J. Appl. Mech., 1977, 44, 4, 780-781.
12. DUNDURS, J. and COMNINOU, 1., Review and prospects of research on the interface crack. Mekh. Kompoznitnykh
Materialov, 1979, 3, 387-396.
13. SIMONOV, L. V,, An interface crack in a homogeneous stress field, Mekh. Kompoznitnykh Materialov, 1985, 6, 969-976.
14. ZAKHAROYV, V. V. and NIKITIN, L. V,, The effect of friction on the delamination of heterogeneous materials. Mekh.
Kompoznitnykh Materialov, 1983, 1, 20-25.
15. SLEPYAN, L. L., Crack Mechanics. Sudostroyeniye, Leningrad, 1981.
16. MALYSHEYV, B. M. and SALGANIK, R. L., The strength of adhesive joints using the theory of cracks. Intn. J. Fract. Mech.,
1965, 1, 2, 114-128.

Translated by E.L.S.



